It is shown that given a sequence of integers ¡ ½ ¾ Ò , it is possible in Ç´Òµ time to determine whether there exists a 2-tree that realizes the degree sequence ¡, and if so, to construct one.
Introduction
An algorithm is said to recognize graph class if, given an input graph , it correctly determines whether ¾ . A large body of research exists on the recognition of different classes of graphs (see Appendix A of [1] for a list of many known results). However, much less is known about the recognition of degree sequences of graph classes.
Definition 1 The degree sequence of an undirected graph

´Î µ is the list of degrees of its nodes, with duplication, sorted in non-decreasing order. A graphic sequence is a sequence of integers which is the degree sequence of a simple undirected graph. That is, a graph that does not contain loops or parallel edges. Graph realizes a degree sequence ¡ if ¡ is the degree sequence of .
The basic sequence recognition problem is to determine whether a sequence of integers is a graphic sequence at all. This problem was solved half a century ago by Havel [7] , Hakimi [5] and Erdös and Gallai [2] . Their solutions are constructive. That is, if the sequence is graphic, they show how to construct a simple graph that realizes it.
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For a specific graph class , there can be two types of classification results. The first type is a global classification, where we are given a sequence ¡ and need to determine whether any simple graph that realizes ¡ belongs to . The second type is an existential classification, where we need to determine whether there exists a graph in that realizes ¡ and if so, to construct one.
Hammer and Simone studied split graphs [6] , which are graphs that have the property that their node set can be partitioned into a clique and an independent set. Their results imply that if is a split graph, then any graph with the same degree sequence as is also a split graph. Furthermore, the degree sequences that are realized by split graphs can be identified in linear time.
Another example of a sequence recognition result was conjectured by Erdös et al. [11] and proved by Li et al. [8] . The problem is to find the minimal value ´ Òµ such that every graphic sequence of length Ò without zero terms that sums to ´ Òµ can be realized by a graph that contains a clique of size ·½. This value was shown to be ´ Òµ ´ ½µ´¾Ò µ · ¾. A related result is the Turán number [12] Ü´ Òµ which is the smallest integer such that a graph with Ò nodes and Ü´Ò µ edge is guaranteed to contain a clique of size · ½ [3] .
This paper is about degree sequences of -trees.
Definition 2 A k-tree is recursively defined as follows.
(1) A complete graph with nodes is a -tree. A ½-tree is a tree, hence this definition generalizes the notion of a tree. Everytree has treewidth , and in fact -trees are instrumental in one of the definitions of treewidth [10] :
The treewidth of a graph is the minimum value for which is a subgraph of some -tree.
Given an input graph, it can be determined in time Ç´ Òµ whether this graph is a -tree [4, 9] . However, prior to our work, only the degree sequences of trees were characterized:
can be realized by a tree iff:
In Section 2, we generalize Theorem 1 to the case ¾, in Section 3 we conjecture that it can be further generalized to all and in Section 4 we mention some open problems.
2-trees
In this section we characterize the integer sequences that are the degree sequences of 2-trees. We define a class of sequences which we call 2-sequences and show that a sequence is the degree sequence of some 2-tree iff it is a 2-sequence. Our proof is constructive. I.e., it provides an algorithm that builds a 2-tree with the given degree sequence.
Definition 4 A sequence of integers
is a 2-sequence if the following conditions hold:
Our main result is the following:
sequence of integers. Then ¡ can be realized by a 2-tree iff ¡ is a 2-sequence. There is an Ç´Òµ-time algorithm that, for any 2-sequence, constructs a 2-tree that realizes it.
The proof of this theorem appears in Subsection 2.3. In the next subsections, we establish a few lemmas that will be used there.
Properties of 2-trees
In order to prove the theorem, we derive some properties of 2-trees. Proof. The proof is by induction Ò. For Ò there is only one 2-tree, whose degree sequence is ¾ ¾ ¿ ¿ . It contains two nodes Ù Ú with degree 3 and the lemma holds. When nodes are added to the 2-tree, the degrees of Ù and Ú never decrease, so the lemma holds for all 2-trees that can be constructed according to Definition 2.
Proof. From lemma 1, it follows that
Ò ½´ µ ´ µ · ´ µ
2-chains and 2-paths
In the following is an extention of the notion of a path. A tree with only two nodes of degree 1 is a path. Analogously, a 2-tree with only two nodes of degree 2 is a 2-path. Proof. The proof is by induction on . For ½, the lemma clearly holds; there is exactly one 2-tree with this degree sequence (the fan).
We
By the induction hypothesis we have that there exists a 2-tree Ì ¼ such that the lemma holds with ¼ ´ ´½µ ´¾µ ´ ½µµ. By adding ´ µ ¿ new nodes with degree ¿ we can create the required 2-tree Ì (see Figure 1) . Proof. The proof is by induction on the number of nodes Ò. If Ò ¿, the only 2-sequence is ¾ ¾ ¾ and the lemma clearly holds. For Ò there is also only one 2-sequence, ¡ ¾ ¾ ¿ ¿ , and there is only one 2-tree with these degrees, for which the claim holds. We now assume that the lemma holds for any 2-sequence of length Ò ½ and prove that it holds for 2-sequences of length Ò . Assume, w.l.o.g., that ½ and ½ . There are several cases to consider:
Recognition of 2-trees
Then ¡ is a 2-chain and the result follows from Lemma 5. ½ . ¡ ¼ is a 2-sequence of length Ò ½ and by the induction hypothesis we know that there is a 2-tree Ì ¼ with degree sequence ¡ ¼ that has an edge between a node Ú of degree and a node Ú of degree ½. Since Ò ½ Ò ¾, there is also a node Ú Ò which is connected to all other nodes, and in particular to Ú . Let Ì be the graph obtained from Ì ¼ by adding a node Ú ½ and connecting it by an edge to each of Ú , Ú Ò ½ . The degree sequence of Ì is ¡ and it has the edge which connects a node of degree with a node of degree . If
Again, ¡ ¼ is a 2-sequence of length Ò ½ so by the induction hypothesis we know that there is a 2-tree Ì ¼ with degree sequence ¡ ¼ that has an edge between a node Ú of degree ½ and a node Ú of degree ½. Let Ì be the graph obtained from Ì ¼ by adding a node Ú ½ and connecting it by an edge to each of Ú , Ú . The degree sequence of Ì is ¡ and it has an edge between a node of degree with a node of degree .
¡ ¼ is a 2-sequence of length Ò ½ so by the induction hypothesis we know that there is a 2-tree Ì ¼ with degree sequence ¡ ¼ and an edge between a node with degree ½ and a node with degree ½. Let Ì be the graph obtained from Ì ¼ by adding a node Ú and connecting it by an edge to each of the endpoints of . The degree sequence of Ì is ¡ and it has the edge which connects a node of degree with a node of degree . 
-trees
A natural generalization of the notion of 2-sequence is the following:
is a k-sequence if the following conditions hold: (1) ·½ for all ½ Ò.
(2) Ò Ò ½. We conjecture that -sequences, as defined above, characterize the degree sequences of -trees:
be a sequence of integers. Then there is a k-tree with degree sequence ¡ iff ¡ is a k-sequence.
Open Problems
There are many natural open problems. The first is to generalize our result to -trees for
¾.
As noted in the introduction, not much is known about the degree sequences of different graph classes. Interesting examples include planar graphs, outerplanar graphs, maximal outerplanar graphs, graphs with treewidth , interval graphs, triangulated graphs, comparability graphs and many others.
In the directed variant of the problem, the degree sequence is a sequence of pairs of integers, such that each pair denotes the indegree and the outdegree of one node in the graph. Then, we can ask whether it is possible to identify the degree seuquences, e.g., of directed acyclic graphs (DAGs) or of transitive DAGs.
Finally, we are not aware of a degree sequence classification problem which is known to be NP-hard. It would be interesting to see one.
